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Lipschitz Optimization

f: X = Ris L-Lipschitz if
fG)—fMI<L-llx=yll, vxyeX

g is a subgradient of f at x € X (denoted as g € df (x)) if
f(x)=fx)+(g,x' —x) vx'eX

Lemma (Subgradient bound). Let f: X = R be convex and L-Lipschitz for X’ € R". Then, for x €
relint(X) and g € df(x) contained in the lowest-dimensional subspace containing X', we have
lgll, < L. Moreover, the converse direction holds as well

Proof.
Suppose 3x € X, g € df (x) such that|[g||, > L \
Considery :=x + €g € X. +Le+
L-Lipschitz implies that f(y) < f(x) + Ll|ly — x|, = f(x) + Lellgll, —Le L€

Subgradient implies that f(y) = f(x) +{(g,y — x) = f(x) + (g,€9) > f(x) + Lellgll, (contradiction!)
H
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Lipschitz Optimization: Hardness

Theorem 1 (Lipschitz convex lower bound). Lete, L, R > 0. No algorithm A which accesses a
target L-Lipschitz, convex function f: RBZ — R using a subgradient oracle O and produces iterates

2
. .. : . LR : :
{x;}o<t<T Can optimize f to additive error € using T < min {n, (Z) } queries, subject to the

restriction that
xy =0, x¢ € span({0(x;)}o<s<t) Vt € [T]
Proof.

Define f(x) = yr_rel[aT>]<xl- -+ % |x||3 with @, > 0 to be chosen later
l

is convex and (y + aR)-Lipschitz (y + aR < L
/ b )-Lip r ) The subgradient of a max function at x is the

of (x) =y - conv({ei : [ € arg maTX x]}) + ax convex hull of the gradients of the “active”
Jel functions at x

Let O(x) = ye; + ax with the smallest i € arg mf%(x]
JE
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Lipschitz Optimization: Hardness

Theorem 1 (Lipschitz convex lower bound). Lete, L, R > 0. No algorithm A which accesses a
target L-Lipschitz, convex function f: RBZ — R using a subgradient oracle O and produces iterates

{x;}o<t<T Can optimize f to additive error € using T < min {n, (g)z} queries, subject to the
restriction that

Xy =0, x; € span({0(xs)}o<s<t) Vt € [T]
Proof.

Define f(x) := ynel[aT>]<xi + % |x||3 with @, > 0 to be chosen later
l

Let O(x) = ye; + ax with the smallest i € arg mf%(xj
je

0(x,) = (,0,..,0),x, =(2,0,..,0), 0(x,) =(2,7,0,...,0)

Forall0 <t < T, x; is only supported in the first t coordinate and f(x;) = 0
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Lipschitz Optimization: Hardness

Theorem 1 (Lipschitz convex lower bound). Lete, L, R > 0. No algorithm A which accesses a
target L-Lipschitz, convex function f: RBZ — R using a subgradient oracle O and produces iterates

{x;}o<t<T Can optimize f to additive error € using T < min {n, (g)z} queries, subject to the
restriction that

Xy =0, x; € span({0(xs)}o<s<t) Vt € [T]
Proof.

Define f(x) := ynel[aT>]<xi + % |x||3 with @, > 0 to be chosen later
l

= ZLE _Ee

fx*) = —;7 and af (x*) = Xicrr) —%ei +7y-conv({e; : i €[T]}) 20

Thus, x* is a minimizer if |[x*]l, < R & y? < R?a?T
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Lipschitz Optimization: Hardness

Theorem 1 (Lipschitz convex lower bound). Lete, L, R > 0. No algorithm A which accesses a
target L-Lipschitz, convex function f: RBZ — R using a subgradient oracle O and produces iterates

2
. .. : . LR : :
{x;}o<t<T Can optimize f to additive error € using T < min {n, (Z) } queries, subject to the

restriction that
xy =0, x¢ € span({0(x,)}o<s<t) Vt € [T]
Proof.

L L
Lety == and Q= which satisfy the conditions
f(x*) = —% = —7, while forall0 <t < T, f(x;) = 0. That is, the error of A is > W

LR . . LR\?
For e-error, we need —= < €, which gives T > (—)
4ﬁ 4e
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Lipschitz Optimization: Hardness

Theorem 1 (Lipschitz convex lower bound). Lete, L, R > 0. No algorithm A which accesses a
target L-Lipschitz, convex function f: RBZ — R using a subgradient oracle O and produces iterates

2
. .. : . LR : :
{x;}o<t<T Can optimize f to additive error € using T < min {n, (Z) } queries, subject to the

restriction that
xy =0, x¢ € span({0(x;)}o<s<t) Vt € [T]

» The cutting-plane method has query complexity nlog(n/e€), matching the first part of the lower bound

> Projected gradient descent can match the second part of the lower bound
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Lipschitz Optimization: Projected gradient descent

Update rule of PGD:
g: € 0f (x,), Xep1 =y (X, —nge) VO<SE<T

Here, n > 0 is the step size, and Il is the Euclidean projection to X

Theorem (PGD). Let f: X — R be convex and L-Lipschitz for X € RBJ . Suppose Xy, < 0, X;,1 <

My (x; —ng,) withn = %, and let x := %ZOSKT X;. Then,

f(x) — min f(x) SE

VT

2
> Fore-error, T > (%) , Which is optimal by the lower bound
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Lipschitz Optimization: Projected gradient descent

Theorem (PGD). Let f: X’ — IR be convex and L-Lipschitz for X € RBJ. Suppose x5 < 0, xX;,1 <

[y (x; —ng;) withn = 7, and let x := ZOSt<T X;. Then,
LR

X)—minf(x) <—
FG) —mip fG) < =
Proof.
Our goal is to upper bound f(x) — f(x*). By convexity, it suffices to upper bound

1 1
FE@-fE) <z Y ()~ f()) <5 D (goxe—x)
0<t<T 0<t<T
According to the update rule,

1 . 1
Xp41 = argmin- lx — (x; —ngll5 = arg min{nge, x) + > lx — x¢lI5

The first-order optimality condition implies that

Mg: + Xy — X)X —W <0 Vuex Tevig, o x,

ue
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Lipschitz Optimization: Projected gradient descent

NGe + (Xpp1 — X)), X1 — U <0 VuexXx

We have (G, Xy — X7) = (G, Xt — X¢11) (Gt X1 — X7)
< (g Xt — X¢1q) + 77_1<xt — X1, Xpp1 — X7)
< gellollxe = xexqlly + 17X — X441, Xpyq — X7°)

You can check that the following identity holds for any x;, x;,1, U:

1
(Xe — Xp41, Xppq —U) = E lx, — u”% — E lx 41 — u”% — E l|x, — xt+1”%

Thus, we have

1
(e, xe —x7) < |lgellollxy — x4 1|5 — %”xt - xt+1”% +
n
<-llgll5 +
LZ
< 77—+

2
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Lipschitz Optimization: Projected gradient descent

LZ
(gt,xt - x*> S T]T +

Now, we cansumfor0 <t < T:

T—-1 T-—1
12( *><77L2+ & z
T L, 9e e T X =TT

t=0 t=0

2 1

nL

=72 "ot

nl? 1 wip L% R?
= + — < +

2 oy X~ Xl < -+ o

If we taken = %, we obtain that LHS < LR/T

Thus, f(x) — gcréijrclf(x) < LR/NT
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Lipschitz Optimization

Let the target function f: RB] — R be convex and L-Lipschitz

- Lower bound: min {n, Q (LZRZ)}

62
« Upper bound:
CPM: ~ nlog(n/e) (high-accuracy)
PGD: ~ L?R*/e* (low-accuracy)

The lower bound relies on the assumption that the algorithm can only query points within the
span of subgradients returned by the oracle

This assumption can be removed and obtain an information-theoretic lower bound against any
randomized algorithm (Agarwal-Bartlett-Ravikumar-Wainwright ’12)
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Today’s Lecture

« Lipschitz Optimization
« Smooth Optimization

- Well-Conditioned Optimization
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Smooth Optimization

Consider an infinitesimal version of the update rule:

d
axt = VU

By chain rule, we have

d
Ef(xt) = (Vf(xe),vp) = _“Vf(xt)”% if v, = —=Vf(x,)
It indicate that —Vf(x,) is the direction of steepest descent

We obtain the ODE (so-called the gradient flow):

d
Ext = —Vf(x¢)

However, we cannot implement this continuous-time dynamics
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Smooth Optimization

d
Ext = —=Vf(x;)

For time-discretization, one simple method is the forward Euler method:

d
—x, = Vf(x,) Vee€ltototnl = x.,=x, - 19/(x,)

To guarantee that the discretized dynamics (gradient descent) is close to the continuous time
dynamics (gradient flow), we need Vf (x) to be stable
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Smooth Optimization

f:R™ - Ris L-smooth, if f is differentiable, and Vf is L-Lipschitz
Vi) =Vl <L-llx—yll vxyeR"

f is L-Lipschitz f is L-smooth
f /‘\/ f
_N
- R R
(bounded slope) (bounded curvature)
(bounded 1%t derivatives) (bounded 2" derivative)
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Smooth Optimization

f:R™ - Ris L-smooth, if f is differentiable, and Vf is L-Lipschitz
Vi) —VfDI<L-llx—yll vxyeR"

Lemma. If f: R" = Ris differentiable and convex, then f is L-smooth if and only if
L
fx) < fO) +(VFG), X" —x) + ]l — x||3 Vvxx' €R"
If f is twice-differentiable (and possibly nonconvex), f is L-smooth if and only if

V2 f () [v,v]| = [vTV3f(x)v| < L||vll VveR"

Convexity = linear lower bound

f(x) = fx) +{(Vf(x), x" — x)
Smoothness = quadratic upper bound
f&) < F@) + (VF @), 2’ — %)+ 12" — xll3
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Smooth Optimization

Lemma. Let f: R"™ — R be L-smooth. Then for any x € R", letting x" « x — %Vf(x),

F&) — f() < o IV I

Proof.

A

f(x) S Up(x) = f(x) + (VF (), &' — 2+ |2 — x]I3

L-smoothness implies an upper bound: { x
Thus, we have f(x') — f(x) < U,(x") — U,(x) = min U,(x") — U,(x)
X

The first-order optimality condition for RHS is
Vix)+L(x'—x)=0 © x' =x—L"1Vf(x)

Then, we have

F) < @)~ IVF@I +5- IV = () — - IVf I
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Smooth Optimization: Finding Stationary Point

Theorem (Finding stationary point). Let f: R™ — R be L-smooth, let € > 0, and suppose for x, €

R™ we have f(x,) — min f(x) < A. Then iterating x;,,; < X; — ZVf(xt) for0 <t < T where

T 2LA

ez’

min [IVf(x)ll; <€

Proof.

Suppose the conclusion is not true, i.e., ||Vf(x.)|l, > € Vt. Then, by the previous lemma,
1
frenn) = F) < =5 IVf (x5

Summingover 0 <t < T, we have
) = fxo) < ——ZIIVf(xt)IIZ < T
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Smooth Optimization: Finding Stationary Point

Theorem (Finding stationary point). Let f: R™ — R be L-smooth, let € > 0, and suppose for x, €

R™ we have f(x,) — min f(x) < A. Then iterating x;,,; < X; — ZVf(xt) for0 <t < T where

2LA
T > 6—2,

min [IVf(x)ll; <€

Finding e-stationary/e-critical point (i.e., ||[Vf(x)||, < €) is an important problem in non-convex
optimization

The complexity O ( ) is optimal (Carmon-Duchi-Hinder-Sidford’20)
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Smooth Optimization: Smooth Gradient Descent

Theorem (Smooth GD). Let f: R™ = R be L-smooth and convex, and suppose for x, € R™ we
have ||x, — x*||, < R for x* € arg nElIiRn f(x). Then iterating x; 1, < X; —%Vf(xt) for0 <t <T,
X n

2LR*
T

flxr) — f(x*) <

Lemma (Contractivity). Let f: R™ — R be L-smooth and convex, and let y « x — nVf(x) forn < % Then
for x* € arg min f(x), ly — x*|l, < llx — x*||,
x€eRN
Proof.
It suffices to prove that ||x — x*||3 = ||lx — nVf(x) — x*[|5, which is

(Vf (), x = x) 2 2 IVF ()3

By convexity, (Vf(x),x —x*) = f(x) — f(x*) = f(x) — f(y) = 2—1L IVF()II5 = gIIVf(x)H%
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Smooth Optimization: Smooth Gradient Descent

Theorem (Smooth GD). Let f: R™ = R be L-smooth and convex, and suppose for x, € R™ we
have ||x, — x*||, < R for x* € arg nElIiRn f(x). Then iterating x; 1, < X; —%Vf(xt) for0 <t <T,
X n

2LR*
T

flxr) — fx") <
Proof.
Let @, := f(x.) — f(x*)
By contractivity, we know that |[x; — x*[|, S RVO<t<T
By convexity, ®; < (Vf(x;), x; — x*) < [[VF(x)ll7 - I — x"l; < IVF(x)l; - R

On the other hand, we have

1
Drpq — Pp = f(xegq) — fx) < —levf(xt)llz = T OLR2 uf:
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Smooth Optimization: Smooth Gradient Descent

Theorem (Smooth GD). Let f: R™ = R be L-smooth and convex, and suppose for x, € R™ we
have ||x, — x*||, < R for x* € arg nElIiRn f(x). Then iterating x; ., < X; —%Vf(xt) for0 <t <T,
X n

2LR?
flxr) — f(x*) < 7
Proof.
We have the recursion:
b, —P, < — d?
Note that —— — — = 22tk & PemPewn > _ L
t+1 Pt P Ptiq D 2LR?

Telescoping for T iterations:
1 1 T T

>— 4 >
®; = &,  2LR% = 2LR2
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Smooth Optimization: Smooth Gradient Descent

Theorem (Smooth GD). Let f: R™ = R be L-smooth and convex, and suppose for x, € R™ we

have ||x, — x*||, < R for x* € arg Hel[iRzr}% f(x). Then iterating x; 1, < X; —%Vf(xt) for0 <t <T,
X

2LR?
flxr) = f(x7) < —
The error bound can be tightened:
2LR?
— ) <
flar) = fOx°) <

The gradient descent is provably non-optimal in this setting
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Today’s Lecture

« Lipschitz Optimization
- Smooth Optimization

-  Well-Conditioned Optimization
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Well-Conditioned Optimization

For smooth GD, the convergence rate is O(LR?/€)

Can gradient descent achieve linear convergence rate, i.e., ~log(1/€), or equivalently,

f(xr) — f(x) < exp(—Q(D))
To get some intuition, consider the gradient flow:
d d
a(f(xt) — f(x*)) = af(xt) = _”Vf(xt)“%

Suppose the following condition holds: ||Vf(x.)||5 > C(f(xt) = f(x*))

Then, by solving the ODE (or by Gronwall’s inequality), we get the linear convergence rate:

flx) — f(x) < e (f(xp) — fF(x)

Another way to see this is to define a Lyapunov function

V(t) = e (f(x) — fF(x1), dv(t) = e (C(f(x) — F(x)) = IVF(xII3) <0
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Well-Conditioned Optimization

f:R" = Ris u-strongly convex if

2

Strongly convex i W

(Source: Aaron Sidford)

lx—yll5 Vx#yeR"
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Well-Conditioned Optimization

f:R" = Ris u-strongly convex if

fOx+ (1 =Dy) < Af () + (A -Df () - A = )

2

lx—yll5 Vx#yeR"

Lemma. If f: R" = Ris differentiable, then f is u-strongly convex if and only if

) 2 () +(Vf(),x -0 +5llx—x13  vxx eR”

If f is twice-differentiable, f is p-strongly convex iff V2 f(x)[v, v] = ullv

Smoothness = quadratic upper bound

Strong-convexity = quadratic lower bound

|5 Vv € R"

g

)

\
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Well-Conditioned Optimization

Lemma. Let f: R™ = R be u-strongly convex, and let x* := arg min f (x). Then

FO) — F(x) < invzf(x)n%

Proof.

Strong-convexity implies that for any y € R",
@) 2 L) = fO0) +(Vf(x),y —x) + S llx — yli3

- Thus, we have

fx*) = min f (y) = min L(y)

_ 1 A sl
= F() + Vf(x),—uvf(x)>+2HMVf(x) 2

1
= f(x) —ZIIVf(x)H%
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Well-Conditioned Optimization: Well-conditioned
Gradient Descent
Theorem (Well-conditioned GD). Let f: R™ — R be L-smooth and p-strongly convex, and let x* :=

argmin f(x) and k := i > 1. Then iterating x;,, < X; —%Vf(xt) for0 <t <T,

Flxr) = f(x) < (1 - %) (f(x0) = f&)

Proof.

For0 <t < T, we have

Fan) = F) < = IVFGIE < =2 () — Fx9)

L-smoochL p-strongly Convex
- Thus,

fQe) = F(x) < (1 - %) (Fx) = £ ()
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Well-Conditioned Optimization: Well-conditioned
Gradient Descent

Theorem (Well-conditioned GD). Let f: R"™ — R be L-smooth and u-strongly convex, and let x* :=

argmin f(x) and k := i > 1. Then iterating x;,, < X; —%Vf(xt) for0 <t <T,
N
fln) - f(x) < (1 - ;) (Fx0) - F(x)

GD can achieve linear convergence rate T = O(x log(1/¢))

This result only uses the smoothness and the bound C(f(x) = f(x*)) < ||Vf(x)|l5, which can still hold
even if f is non-convex

Bounds of this form is called Polyak-tojasiewicz conditions
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Well-Conditioned Optimization: Hardness

Theorem. Letk = 1 and € € (0,1). No algorithm A which accesses a target L-smooth, u-strongly

convex function f with k = i using a gradient oracle O can optimize f to additive error e(f(x,) —
min f(x)) using T < @log (i) queries, subject to the restriction that

xo =0, x; € span({0(xs)}o<s<t) Vt € [T]
Proof.

Define the hard function

L L—u e L—u , UN NI

_M — — —

fQ) =" X1+TZ(xi—xi+1)2+ - x12+§in2+ —
l= 1=

Note that f = (linear) + %xTAx, and thus, V2f(x) = A
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Well-Conditioned Optimization: Hardness

— u 1/ l,[
vV f(x)v = Tz(vl Viy1)? + v1 + “Z Vi
i=1
L-smooth:
n—1 n
vIVAf(x)v < —— 7 z(ZUiZ +2v5,) + 1 'uvlz +,uz 2+ MZ Mv,%
1=1 =1
n n n
< (L —M)Zviz +,qul-2 = Lz:vlz
i=1 i=1 i=1
u-strongly convex:
n
v2V2 f(x)v > uz v?

=1
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Well-Conditioned Optimization: Hardness

L—u  L—pe L—p , U\ JLu—u
FO) = == + gt ) (= xia)? 4 g 45 ) x4
i=1 i=1
Note that Vf(x,) = Vf(0) = (?,0,...,0) and x; = (7,0, ..., 0) by our assumption
Then, Vf(x,) = (2,7,0,...,0)
By induction, you can show that only the first k coordinates of x; are non-zero

By strong convexity, we have

Fp) = f&) 25 ey = 2°113 2

N =

Il
HM:
+

(x)?

i 1
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Well-Conditioned Optimization: Hardness

4 2 £ 4
=1

L L— L 8 Lu— i

—u —u —u ., u JLp—

F) =~ 1 BN )2 T a4 a2 X2
=1

Let x* := arg min f(x). By the first-order optimality condition, Vf(x*) = 0, i.e.,
L—u L—u L—u

2 + 2 (x] —x3) + , x; +ux;i =0
L—p . oy L-w o X .
2 (x| —x;4 ) + , (X —x7)+ux; =0 Vie{2,..,n—1}
L_H * * * LH_H *
2 ey — x5_1) + uxy, + = > x, =0

Solving the linear system, we get that

* 1 2 i .
xl-—< _\/E+1> Vi € [n]
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Well-Conditioned Optimization: Hardness

n
L—u — U LK Viu—p
Foo) = oty w22 Z(xl X))+ + 2y xR Y
=1

By induction, you can show that only the first k coordinates of x; are non-zero

By strong convexity, we have

fe) = f&) 25 Ny — 2°113 2
( )2
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Well-Conditioned Optimization: Hardness
The hardness result indicates that the optimal query complexity in the well-conditioned setting should

be T = /klog(1/¢€), while GD can only achieve O(x log(1/€)), which is sub-optimal

To achieve the optimal rate, we need to use some “history information” (i.e., momentum) in the update
rule, and the algorithms are called accelerated GD (first discovered by Nesterov)

The hard function in the proof is

L L— s L L JLu—
FO0) = == Py + =SB Y (=) Tt 45 YR
i=1

4 8
It is related to the Laplacian of a path graph

O—6 600 e —@

Given any convex function, we construct the dependence graph G on the set of variables x; by
connecting x; ~ x; if Vf(x); depends on x; or Vf(x); depends on x;

=1

GD can only transmit information from one vertex to another in each iteration
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Reduction between Smooth and Well-Conditioned
Optimizations

Lemma. Suppose that algorithm A can optimize an L-smooth, convex f: R" - R with x* €

arg min f (x), and outputs a point x; € R™ using T queries such that,
Lllxo — x*|I5

flar) - f(x) s =
Then there is an algorithm A’ that can optimize an L-smooth, u-strongly convex g: R® — R with

y* = argmin g(y) and k := i, and outputs a point y; € R"™ such that
9 — g < e(go) —g)

in O(x*/¢log(1/€)) queries

The converse direction also holds (Allen-Zhu-Hazan ’16)

GD for smooth function can achieve ¢ = 1, and our lower bound for well-conditioned case shows that
¢ < 2 (and ¢ = 2 can be achieved by AGD). Thus, GD is also sub-optimal in smooth optimization

February 25,2026 38



Reduction between Smooth and Well-Conditioned
Optimizations
Proof.

Let T := 0 ((4x)/°).

We first show that by running A with T' queries, the error can be decreased by a half

By the convergence rate of A, we have

o Lllyo—=y*115  u \
gyr) —gly*) s —2—22 = 11yo —¥113 <
()

Then, by iterating log(1/¢) times, the error can be decreased to €

(o) — 9(¥™)

N[ =
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Summary

Regularity Goal Algorithm Iterations
f:BY} = R, L-Lipschitz e-optimal Any algorithm Q((L/E)")
Any first-order method Q(min{n, (LR/€)?})
f:RBY} — R, convex, L-Lipschitz | e-optimal Cutting-plane method O(n)
Projected GD O((LR/€)?)
f:R™ - R, L-smooth e-critical GD OL(f(xy) — f)/€)
GD O(Lllxy — x*[|5/¢€)
f:R"™ = R, convex, L-smooth e-optimal
Any first-order method QO <JL|Ix0 — x*II%/e)
f:R"™ = R, L-smooth, u-strongly e-optimal GD O(L/w)

convex

Any first-order method

o(V75)

February 25,2026
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